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Abstract: Pad& and Pad&type approximants are usually defined by replacing the function (1 - xt)-’ by its Hermite 
(that is confluent) interpolation polynomial and then applying the functional c defined by c( n’) = c, where the c;‘s are 
the coefficients of the series to be approximated. In this paper the functional d which, applied to (1 - xt)-‘, gives the 
same Pad6 or Pad&type approximant as before is studied. It can be considered as the dual of the interpolation 
operator applied to the functional c. 
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1. Introduction 
Let f be a formal power series with complex coefficients 
f(t) = f c,ti, 
i=O 
and let c be the linear functional on the space of complex polynomials defined by 
c(xi) =cl, i=o, l)... . 
The functional c can be extended to the space of complex formal power series thus leading to 
formal (that is term by term) identities. In particular we formally have 
f(t) = c((l - xt,-‘). 
Now, let E be the space of functions which are holomorphic in a neighbourhood of the origin 
and let V, be an arbitrary polynomial of degree k, with distinct zeros xi,. . . , x, of respective 
multiplicities k,, . . . , k, and k, + . . . + k, = k. 
Let I( V,) be the linear operator mapping g E E into its Hermite interpolation polynomial R, 
of degree at most k - 1 defined by 
g”‘(xi)=Rjj’)(xi) fori=l,..., nandj=O ,..., ki-1. 
If g(x) = (1 - xt)-‘, then c( Rk) is the so-called Pad&type approximant of f with generating 
polynomial V,. It is a rational function with a numerator of degree k - 1 and a denominator of 
degree k, denoted by (k - l/k)f( t) and such that 
f(t)-(k-l/k),(t)=O(tk), t-+0. 
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If V, is identical to the formal orthogonal polynomial Pk with respect to c, that is the 
polynomial satisfying the orthogonality conditions 
c(xiPk(x))=O, i=O ,..., k-l, 
then the Pad&type approximant (k - l/k)f( t) becomes identical to the classical Pad6 ap- 
proximant [k - l/klf( t) such that 
f(t)-[k-l/k],(t)=O(t2k), t-+0. 
The aim of this paper is to look at the functional d (depending on V,) such that 
d((1 -xt)-‘) = c(&) = (k - l/k)#). 
For reasons of convenience, we shall make use of the notation of duality 
CL, s> 
to denote the action of the linear functional L on the element g of a vector space E. Thus L 
belongs to E *, the dual space of E, that is the vector space of linear functionals on E. If T is a 
linear operator mapping E into itself, the dual operator T * of T is the linear operator mapping 
E * into itself, which is uniquely defined by 
(T*(L), g) =(L, Tg) VLEE* and VgEE [S]. 
Let fk( t) = tkVk( t-‘) and let U, be the reciprocal series of fik formally defined by 
C\(t)Q) = 1. 
We set 
I/,(x)=u,+u,x+ **a ++xk, u,(t) = 240 + u,t + u2t2 + * * * . 
Then 
qt> = u,tk + u,P-’ + . . * +uk, 
and we have 
uOuk__1 + r$Uk = 0, 
. . . 
td,,uo + t.$-t$ + ’ * ’ +u,u, = 0, 
UIUO + U2Ul + * . * + uk+luk = 0, 
. . . 
That is, with the convention that uj = 0 for j < 0 
r.+,Uk = 1, 
uoui + UIUi+l + * * * +u,&+k = 0, i # -k. 
We set 
0) 
ri(~) = C ujxi-j, i 2 0, 
j=O 
I;(x) = 0, i-CO. 
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k-l 
xi-rj_k(x)vk(x)= - c aj')xj with aj’)= f: umui_k+m_,. 
j=O m=O 
Proof. From the definitions of V, and ri_k we have, for i 2 k 
ri_,(x)Vk(x) = C aj’)xj. 
j=O 
From the relations (l), a,(‘) = 1 and aj’) = 0 for j = k, . . . , i - 1 and i # k. Thus the result holds 
for i 2 k + 1. For i = k and i -c k, the result is obviously true. •I 
Lemma 2. For all i > 0 
I(Vk)xi=xi-ri_k(x)Vk(x). 
Proof. From Lemma 1, xi- ri_k(x)&(x) is a polynomial of degree at most k - 1. The 
interpolation property which remains to be proved is equivalent to 
-$[ri_k(xg)&(xp)] =o forp=l,..., n and j=O ,..., k,-1, 
which is obviously true by Leibniz’ formula on the derivatives of a product and the definition of 
v,. cl 
Lemmas 1 and 2 show that -E$Itaj’)xj is the interpolant of x’ and that r,_,(x)V,(x) is the 
remainder. 
Lemma 3. 
I( Vk)(l - xt)_l 
Proof. Expanding (1 - xi)-’ into a formal power series and applying I( vk), we get by Lemma 2 
I(Vk)(l - xl)-l =(L-xt)-l-_kVk(rO(x) +rr(x)t+rZ(X)t2+ ...). 
Using the definitions of ri and uk we get 
I(&)(1 - xt)-‘= (1 - xt)-’ - tkVk(x)Uk(t)(L + xt +X2t2 + ’ * * ) 
= (1 - xt)-l(l - fk&(X)&(t)). q 
The result of Lemma 3 was obtained in [3] by a direct proof. 
2. The Pad&type operator 
As we saw in the introduction 
(k-l/k)f(t)=c(R,(x))=(c, I(Vk)(l-xl)-‘). 
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Thus we have 
(k-l/+(t) = (I*(&)(c), (1 -xxt)-l). 
Let us set 
0%) = I*(JQ(c). 
We have 
(d(V,), x’) = (c, q&)x;) = (C, xi- I;_k(x)Vk(x)) = di. 
Since 
(k-l/k),(t) = (d(&), 1 +xt+x2t2+ ... )=d,+d,t+d2t2+ ... , 
(2) 
the operator which maps the formal power series f into the power series (k - l/k),(t) can be 
seen as the mapping of E * into itself which maps c into d( V,). This mapping, which depends on 
the generating polynomial V,, will be called the Pad&type operator; from (2) we see that this 
operator is I *( I’,). If V, does not depend on c, then I *( V,) is, as usual, linear. But for Pad6 
approximants, since V, is the orthogonal polynomial of degree k with respect to the functional c, 
V, depends on c and the linearity property only holds if the first 2k moments of both functionals 
are the same since, then, both orthogonal polynomials of degree k will be the same. 
Let us now study some properties of d( V,). We obviously have the following property. 
Property 4. 
(d(V& x’)=(c, xi) fori=O ,..., k-l. 
Moreover if (c, x’V,(x)) = 0 for i = 0,. . . , k - 1, then the preceding equality holds for i = 
0 ,...,2k- 1. 
In both cases, Vm >, k 
(d(l/,), 1(&)(1 - xt)-‘) = (c, I(&)(1 - xt,-‘). 
Proof. The last part of this property follows from 
l(Vm)l(Vk)(l -xt)-‘=1(lQ(l -xt)_l 
for m 2 k since, by Lemma 3, I( V,)(l - xt)-’ is a polynomial of degree at most k - 1. Cl 
Property 5. For all i > 0, (d(&), x’Vj(x>) = 0. 
Proof. (d( V,), x’V,( x)) = (I * (V,)( c), x’V,( x)) = (c, I( V,)x’V,( x)) = 0 since the interpolant 
of x’V,(x) is zero when V, divides x’V,( x). This property can also be proved from Lemma 3 and 
Property 4. 0 
This property, which is a generalization of a property given in [2, p.231 when V, has distinct 
simple zeros, can also be proved directly by (1) and Lemma 1, but the proof is much longer. 
As a corollary of Property 5 we get a recursive formula for computing the di’s. 
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di+k= - 
v,d,+ ..a +v&Idi+k-l 
vk 
, withdi=cj fori=O ,..., k-l. 
Thus, for given coefficients of V,, the computation of all the di’s only uses q,, . . ..ck_r. If v, 
is the orthogonal polynomial of degree k with respect to c, then the computation of V, needs the 
knowledge of c,,, . . . , c~~_~. 
The d,‘s can be used as approximants of the missing ci’s, an idea introduced in [5], and we 
immediately have an expression for the error. 
Property 7. For all i > 0 
Ci-di=(C, I;.-,(~)vk(~)) 
with 
k-l 
(c, r;_k(x)vk(x)) = c; + c aj’)cj, 
j=O 
where the a(‘) can be recursively computed by 
a6’+‘)‘= 
U;-k+lvO, 
a<i+l) 
J = aj?, + u~_~+~v~ forj= l,..., k- 1, 
with 
a<k-l) = 0 
J , 
j=O,...,k-1. 
As always in numerical analysis, this formula cannot be used in practice to compute the error 
ci - d, since its computation needs the knowledge of the unknown coefficient c,. However it can 
be useful in some cases. For example if 
c(xi) = S”,acx) dx, i > 0, 
a 
where CY is positive in [a, b], then 3p E [a, b] such that 
C;-~;=CO~-~(B)J’%(B) 
and bounds for ci - di can be obtained. 
3. Series of functions 
Let us now consider a series of functions of the form 
f(t) = f cigi(t)* 
i=o 
Let G be the generating function of the gi’s defined by 
G(x, t) = E x’g;(t). 
i=O 
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As above we formally have 
f(t) = c(G(x, t)). 
Let V, be an arbitrary polynomial of degree k and let R, be the Hermite interpolation 
polynomial of G(. , t) at the zeros of V,. We shall define the Pad&type approximant (k - 
l/k)f(f) of f as 
(k - l/kbb> = c(Rb)). 
Usually (k - l/k)f( t) is no longer a rational function but we still have 
f(t) - (k - l/k)&) = O(g,&)) 
which means that f(t) - (k - l/k)f( t) = Czo,kd,g,( t). 
Let L be a linear functional transformation. We set 
hi(P) = Lgi(t)e 
For example, 
h,(p) = /om eeP’gi(t) dt. 
If we set 
J.(p) = Lf(t), 
it was proved in [4] that 
(k - l/k)&) = L(k - l/k)&) 
if both approximants have the same generating polynomial V, (which is true in the PadC case 
since the functional c remains unchanged). 
Since (k - l/k),(t) = CzOdigi(t), then immediately (k - l/k),(p) = CEOdihi( p) with 
d, = (d(Q), xi) = ( C, Xi-ri-~(X)v~(x)). 
This result gives another justification of the definition used by van Rossum [lo] for PadC 
approximants to series of functions. 
Since (k - l/k),(p) approximates F(p), L-‘( k - l/k),(p) approximates L-‘F( p) =f( t). 
But 
L-‘(k- l/k),(p) = (k- l/k)f(t). 
Thus if the expansion of (k - l/k),( p) is known, that of (k - l/k)f( t) is obtained by 
replacing the hi(p) by the gi( t). This was the method used by Longman for inverting the 
Laplace transform by means of PadC approximants [6] or by Brezinski by means of PadC-type 
approximants [l]. In these cases the summation of the infinite series can be avoided by a special 
trick due to Longman and Sharir [7]. The convergence was studied by van Iseghem [9] (see also 
[41). 
4. Conclusion 
The idea introduced in this paper, mainly to consider a Pad&type approximant as obtained by 
(d(VJ, (1 - XVi) and to study the properties of the functional d( V,) (or of the dual operator 
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I *( V,)), might be possibly interesting. The extension to Pad6 and Pad&type approximants, to 
Laurent series, double series, series with coefficients in a noncommutative algebra, to partial 
Pad6 approximation and to Pad&Hermite approximation has to be studied. 
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